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1. INTRODUCTION

Let {w 1, i,j - 1,2,..., be a collection of independent and
ij

identically distributed random variables with zero mean. For each

n, n = 1,2,..., define W to be the nxn matrix whose (ij) entry is
n

T
" Given a sequence al,a2,.' define for each n, Vn  (altI2,...a)

Finally, for each n, define a random vector Xn - (XnlyXn2""' Xn ) as

the solution to the equation

X =V + X (1.1)n n n n
n

i.e. Xi a + W Xn, j - 1,2,...,n.

This system of equations plays an improtant rule in large and

homogeneous systems of physics (see (11 and [2]). When n is large

enough, the solution of (1.1) is usually assumed being "nearly inde-

pendent" (the so-called chaos hypothesis). This hypothesis was first

proved by S. Geman and Chi R. Hwang. They usually assume that

8
EI< O. For some stronger conclusions, it is even assumed that the

characteristic function of w 1i has a nondegenerate analytic zone.

In this paper, we relax all these restrictions to the existence

of the second moment of w 11 and prove somewhat stronger conclusions

than that are shown in [i]. Exactly speaking, we get the following

theorems.

Theorem 1. Define X by (1.1) whenever I - n W is nonsingular... n n n

2
Otherwise, define X - 0. Suppose that EwII - 0 and Ew21 < G.

1) If (al, 2,...) c Z., then

max jX - al-- 0, a.s. n * ". (1.2)

l<i<n

2) If lima 0, then
n n

n (X - el)2 0, a.s. n - (1.3)
n i i

"- -.' ', -.-. ' ' '-.-.''' v..-.'''''..,.'''.- *' , '''.'.-,.'''', '''\'''',-.-.'i -,'''"-,- ..""" , -. ," . "



especially for (c±1 ,cE2 ... ) e

(Xn,l' ... Xn,nO,...) - (0 1 , 2 ,...) in Z2 a.s. (1.4)

If a a2  ''" a and if Ew 1 - m (instead of zero), Geman and

Hwang proved Xni - a/i-m a.s. under the conditions that Iml < 1 and

El wIln < non , V n < 2, for some positive constant B. Corresponding

to this, we have

Theorem 2. Assume a = a, M a 2  E . Il = M. Define Xn by

(1.1) whenever I - 1 W is nonsingular and define X - 0 otherwise.
n n n

If m 0 1 and Eu2i < -, then max Ix - 1 0. a.s.
1<i~uni -

For the CLT of X, we have

Theorem 3. If A,, = 0, 0 < E 2I 2 < (a1,a2 Z.. .,

and I a -a . Then for any given integers (mI < M <...< )

(X -a , .X - )T____+ N(O,ik )

T 2 7a ,mI  nm 2  m2 nm k  ik

i=1

where I denotes the kx k unit matrix.
k

. .. . . . ,-a ,aa., m mmd m a.*. . . . . . . ..ku " i ' - -. ,
-;- - "" " ". .* a .' . . ..
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2. SOME LEMMAS

We first prove some lemmas.

Le m 2.1. If EwI (I 2 
..

where the norm means the Euclidean one, i.e., for A (a

''AH = ( a 2)

ij iiProof. 11( 1 1 k2
,..iJ k

= J1(n) + J2(n) + 
J 
3 (n) + J4 (n) (2.1)

where

J1 (n) - 4 i (2.2)
i=1

J2 (n) = 1 { ( 2 2 + 2 WiWjW + 2 w (2.3
2 n ij ji iiij Ji i ii WjJ

33(n) - 2 {  W12w 2} (2.4)

2
4 ni k>Z kkwbh i>J k>h iokwh'h

i~k i~k

+ 2 41iiijwihdhj (2.5)
i>j i>h
j h

It is easy to see that

E J4 (n) - 0

E J4 (n) < 4 4 (E I 2)44 n 11

By Chebyshev inequality and Borel-Cantelli lemma, we obtain that

J4(n) - 0. a.s. (2.6)

By Marcinkiewicz strong law of large numbers, we have
~1

J(n) - 0(-2) a.s. (2.7)

and i j w1 1 "

n- # j 2 -- 2) a.s. (2.8)

- ...- - .- .:....'---iL~ --. i.. i. --.-- .- - -. "." .- i'.. . i . i - . .- i .. .-. " .". i -i'i- - .-.ii- . .iiF . <- .



°4

S . 2W )((z 2);1

n i -i ii n ij~n 4 0 2 2j )11
< (-j3 i1 ,, 1 W (- 2 ~

- [o() [ (2 - .. (2.9)

and
1 4 1 W WjJJJ

<(1 1 2 2) (1 1)
u i~jii ni#j

i=1 i wj

0- oO-). a.s. (2.10)

hence

J2(n) = 0 (1). a.s. (2.11)

To prove J3 (n) - 0. a.s. we define

W ijn Mcuij I 11W, I < nj

-7- 2 2

ij n ij n lj n

and

2 213 (n) -- -- 2. 2 '
i>j k

2

(n) -
i>j k ikn Wkjn

Notice that E w -kn 0, E Cjjn - 0 and that wikn ,ijn are independent

of each other for given i > j and k, we know

E J 3 (n) - 0

and
2 4"

E(J 8 ( - (E(W l n )2)2
i>j k

-45 f~ 4  ]2
.< 4n- [E 1i n]

-3 4 '4
< <4Ew2 n Ew 1 1

..........--..-".".........,..;..,..-;.n.
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Therefore, for any c > 0, we have

Pj 3%0 1E < 4 Et 2 C u 1n
n-i nil

n
_k2 E w11 [k-1 < 1wI21 < k] + 1)

n-i k-i

C [1 + k2 E w 2 1 21 n 3 -

k-i 11 [k-i < 1w 11  < k] n-k

i i 11

< c (1 + E w2] < c. (2.12)

here and after, c denotes a positive constant independent of n or k,

but it may take different value in each appearance.

From (2.12) we get

j 3(n) -- 0. a.s. (2.13)

On the other hand, noticing E w n E w 2 < -, we have

-_n-i n n n

i -(n) i -n- i-l k-l .-2 k-l jn

< W2 c< i ik n O, a.s. (2.14)

here the first term tends to zero from Kolmogorov's strong

law of large numbers. From (2.13) (2.14) it follows that

nl im  J3 (n) = 0. a.s. (2.15)

Finally, we prove that

P(O3 (n) 0 J3(n), i.o) - 0.

We have
CO

D3f T fn r ( nL A

.k- m-k 2nk <n<2 m

n <P> 
n))

k"- m-k 2 m  <n 2 m  J-l

<lim I P( U )( I > 2-)
-- m-k 2m - l 2M imiJ J)



6'-_2"

l 22 P( (j I > 2m-
k-a m=k J-1

09-

5_l im 1 2 2 m  P ( wl .II >_ 2m - l )

"ik-)- m-k

- 22
m  [ P(2 9-1 l< < 2 )

k- m=k k=m

li I P(2t-i < jwllj < 2
k- Z =k m-k

< lim 2 1 22Z P(2" - I < lll < 2) <_ lir 2 E w1 12 [n -

-0 (2.16)

which and (2.14) prove

J 3(n) - 0. a.s. (2.17)

(2.17) and (2.1) (2.6) (2.7) (2.11) complete the proof of Lemma 2.1.

Lemma 2.1 implies that for almost all w, when n is large enough,

we have
1I(inkj I I 1 W. II( l k  I1( n 1 k

=(--) I I 1 11(~- Wn
k=O k-0 k=0

Hence we obtain

Lemma 2.2. If E w"I = 0, E W 2 < 0 ' then, almost surely,
1_n-(Wnk

(I Wn)- exists and equals ( -)- , when n is sufficiently large.
nl k=O

. . . . . . .. . .. . .

. -

. . . . . . . . . .
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3. THE PROOF OF MAIN RESULTS

3.1. The proof of Theorem 1.

Firstly, we shall prove

0 a.s. if lrn ai 0

IIW Vi L..p- (3.1)
n n nM EllW 2,a.s. if sup 10L_ j< M

We have

2 2~ 2 +2 n caci W .W 4

kil i=l 0 ki k=l :>j

1 (n) + 1 2(n). (3.2)

By Kolmogorov's strong law of large numbers, we have for any in

I1(n) < 1 2 2(1*) W2+ M(rn) W2
1 n k 111 i 1 kl iJin+l ki

-. M2(m) E w 2. a.$.

where M(mn) -sup lotI < M, mn 1,2,......From this we can easily see
n>in

that

0 if lim ai 0,
0 n

li:m 2 n 1< M E w a.s. if sup 10L_ I < M (3.3)

Letn

Zn-l n>i>j~L Cji iik

Noting that {Z n, n - 1,2,...) forms a martingale sequence, by a well-

known martingale inequality, we get for any E > 0



.7 7 
.

-- !-

* 8

"2 2m
2"2P( a .Z < P( max IZnI >j 22 m)','i 2m-l<n< 2m - - 1 <n<2 m  -

< 82 2
- 4m  )2

e E(Zl

2m

=82 C-2 2 -4m a ~2 (EW)

k-l 2m>i>J>_.l
"-M

< c 2-m

from which and Borel-Cantelli lema, it follows that

I2(n) = 2 Z'-- 0. a.8. (3.4)
n n

By (3.2) (3.3) (3.4) we get (3.1).

Next we shall prove that
(W_)2 Vnl 0._, . a.s. (3.5)

We have

l(..n)2 Vn 11 _ ( 1 jkk ) 2

i-i J-1 k-l

2 4 I Wi2 I CL)2 + (~ 1 1 iJ~ u )2il i i-l J-i -1i
:J i (3.6)

We shall first prove that

max n0 ( 0. a.s. (3.7)
1<i<n k-l

If we have done so, then

2 2(1 2)3n
i 2( n t l k2 < 2 i) ( max n i1 wkak))

- 1 kl i1 1<i<n k-l

*2 E w2 . 0 _ 0. a.s. (3.8)

n
Noting that Wikck, n - 1,2,...} forms a martingale sequence, wek-l
have for any e > 0

-3 )2 F
P( ax max n ( I )2 >

2m - <n<2m I<i<n i kk
n a) 2 8 - 1 2-3m<20 P( max ( 8 > _. 2 )

2m-l<n<2 m i-l

-2m i ) 2 <cM m -
< c 2 -20 E( ik C M2 (1) 2- c 2 -m (3.9)

,--

P
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which and Borel-Cantelli lemma imply (3.7). Hence, (3.8) holds.

On the other hand, we have

-"n n LI

-4 ,),,,n [ W
~ 1. L ~ ijwj~k

i-i j=.l k-l
j oiM n- I W ° ° 1 1MijI I Wj k W k " -

n- 1 k- 1 Jl>J2 'J - k 2 1~ k

j~i jlhij 20i

A -4
n -4 {Ri(n) + R2(n). (3.10)

Since

E(n-
4R2 (n))2 < c n- 3

we have
~~~-4(3.) n -4R 2 (n) .a.O.3.11.

Noticing that { iWI Wlk aklak n 1,2,... forms a

>k>k2.l 1 2 1 k2

martingale sequence, we obtain

P( max max nk Wjk 'jk a kakl
2m-l<n<2m l<j<n I >kl>k2-l 1 k2ak2-

< 2m P( maxI O a > ek2 2m)
n<2m n>k 1>k2 >1l 2  2 2

-3m E2
<c2 E( W W A k k

2m>k>k2L'l 1 k 1k 1 2
i.- -- [- 2-klk2

<c 2m,

which ensures that

max 
2 [ n w w 0 a.s. (3.12)

l<j.:n p>k>kg  12 1 2

Thus, to prove n R1 (n) - 0 &.9. we only need to prove

n"1 n n

.- 4 2 2 2 2 -- 0. a.s. (3.13)

i-l j-i,j#i k-l i jk k

. . . . . . . . . . . . . . . . . . . . .., J . .i

. . . ...o*.*~*

• ' o - . . . ° . - "".. . . . . . - " . " - ° " % - " '° " - - - " - " " ." 'o" - °. -. """'. " "."" " "o J " 
.

" " ' = i' i 
-

"
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Since Ic(k[ < M, it follows that we only need to prove

" 2 0an n s
nj4k2l. iw2 -0 .s (3.13),.. i l j j j

This can be easily seen from the facts that{ i I Ik-1 wj'jk' g
,:i-i J-l,1 Wi#jk

n - 1,2,...} forms a semi-martingale sequence and that

n n  n:':P( max n , I I I _,1  12,~k 21 E
-2m-l<n< 2m  i-l J- ljoi --i

n n n 2-4  4
< P(max I I 1 tu12W 21 > 2 24)

n<2m il J-lji k-i jk

2-4m 2m 2m 2m 2 2
.c 2 E Ili.,1 ij W j"kl

j-1,jji k-

< c 2-m .

From (3.6), (3.7), (3.10), (3.11) and (3.13), we obtain (3.5).

By Lemma 2.2, for almost all w, it holds that

Wn 1 - Wnkx n -(-) ( -n
n n n n n n

(-) V + (Wn) (3.16)
n n n

k-2l

If lim a 0 0, by (3.1), (3.5) and (3.16), we obtain
U n

,. _ (~ ~~Wn .V n 2 Cn o I -n l < ( l -, n l + 1() 1 ( )2l It o .
HC- -V VII IIW 11 0.n I + I I (=" k -Ok=0(3.17)

which is equivalent to the second assertion of Theorem 1. Since

WII ) V < wn 2  Wn 2  k + Wn G,:

.. k-2 'V 11 < I( Vnll 1 II W ) II + I - 1 1 1(- ),
k2 n n n k=0 k

-+ 0. a.s. (3.18)

to prove the first assertion of Theorem 1, we only need to prove." n

max IWV )I= max I.1  W a 1 0. a.s. (3.19)
I. <i<n l<i<n J1i

or equivalently,

max I12 ( 7 w .3)2I-- O.a.s. (3.20)
1<i<n i-



In view of (3.12), we only need to prove

I1 n -2 n
max I -2 [ i. j2 2< M2(1) max n 2 a.$.

max ~ i W -a~ n< W _.a

l<i<n n -1 <i<n j=1 (3.21)

Set

Zjn i i[ij n] - E 1. ~lll< n)

When m is so large that E w 2 / E, we have
11 4m~whv

P( max max n-2  n 2 >e)

2m-l<n<2m 1<i<n j-i i -
n 2 22m)

2m-l <n<2m J-i ij 1 3 1 j<I
n_2<2U

< 2reP( max I z > g2 2 ) + P( (muin<2  > n))]
2m-l<n<2m j= -- 2m - <n<2 m  J-1

2"m  2m

< 2m [2
-3m E Z12 + P(K) Li (IwjiJ > 2m-1))]

2m i-l J-I

< 2- 2M E W4. I~l 2 + 22m P(ll ] > 2m-1).

_ (31 '[1w 1 1 < 2m] ~ w1  (3.22)

where c is an arbitrarily preass4;ned positive number.

From (2.16) we know

- 2 2m p(lll > 2m -1) < (3.23)

rn-1

On the other hand we have

2m- 22m m
11 2-2 E I < 2] [ E w4 I[2k-i

m-1 i (1w11 -- m-1  k-l

ii [2 ~' 22m wf k+I
I E w 4 1 k-i k] k 1  2' 2m + 1

k-l [2 < i 2 m-k

<2 2
-22kk1 < Izl < 2k +1

<2 E W 2+1< 1 . (3.24)

From (3.22), (3.23), (3.24) and.Borel-Cantelli lemma, it follows that

max n-2 n 2 0 a.s.
i<i<n =1

The proof of Theorem 1 is compl@Ped.

.. .. •.. . .. . . ., . ... .,,. ,- ...-._.. ,....'.% ,,." .-,...'.-..-....,....'...,..'.... ..-.- ,- -.. ,........... , , _ b"
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3.2. The proof of Theorem 2.

Let Mn be the n x n matrix with all its entries being m - E wI

and let W - - M Write yn a X - V /(i-m)= (X, X --an e n Wn n n nl l-lfl''' -l-,,,

Then (1.1) can be rewritten as

Wn + 01
n n n n(l-m) n

where I (T,,...,1) being an nx 1 vector.

Let I IAI J0 denote the operator norm of the matrix A. Since

W W + M, we have

Wn 2  2 Mnn 2

1 0 r 0 n- -I 0 0

(3.26)
Applying lemma 2.1, we have

I.(W 1 < 0< 1( nII -- 0. a.s., (3.27)

where I IAII denotes the Euclidean norm of the matrix A. We can easily

compute that

n2°  Im I. (3.28)

Furthermore, we have

II n n 2 Wn M 11(n-) _ 0 IIn n

m2 n n n ^ 2 m2 n n 2
-4 (3.29)" Z I ( I wik)  -3 wi [uk),3.9

1i- j-1 k-l i-i k-i

where w ik ' Wik -m being a random variable with zero mean. Applying

(3.12) with l a 2 1' i, we have

2m2 in
1 l k1>k 2  1 2

2i -2

< 2m2  max n ' ik I W 0. a.s.
1<i<n n>k 1>k 21 1 2

,-.1 2--(3.30)

*. . . . . . . . - .*t
o

* * ' *. 4 * . ** * * ... ~ *
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By Kolmogorov's strong law of large numbers, we have

i2  n n 2 .. ~. -m ill0. var(l) 0. o a.s (3.31)mi-i k-i

From (3.29), (3.30) and (3.31) we get

11I i0a ---- 0. a~s. (3.32)

n2 0

Similarly, we can prove that

j MnWnj 0 _ . a.s. (3.33)

From (3.26), (3.27), (3.28), (3.32) and (3.33), we conclude that

iiWn) 2
I 1 - 0. a.s. (3.34)

n 0 Wn. -1
Like proving Lemma 2.2, we see that for almost all w, (I- -) is

n

nonsingular and

- = - ,nk

n k-O a

when n is sufficiently large. Thus, for almost all w, when n is large

enough,

Wn.-l ( a WnYn n 1 1-m n

W - O nk (n) " (3.35)
1 k-O0

Since

1 ij -- 0. a.s. (from Marcinkiewicz theorem)
il j=l

we have

:-I j n m2 - wij) , 0. a.s. (3.36)i IL..= n J-1

from which and (3.5) we conclude that

In W n) I II2 + I lit11H -1 0. a.9. (3.37)
n - 1 n1 n

Applying (3.1) with M- 1, we have

"Jha Ill E 11, a.s. (3.38)

ooo

o::: : : :: : :: :: :: : : : :: : ::, " :" : -- . -. : : ., : : .. - i - .: : : '. -.: . :- , :. -: .. , .-.: .., -.-. , .. -. . .,. ..

."•I "- ' ' '", '""; " , , , -., ," .-" ' - " ." ' ' ,
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Consequently, by (3.37) and (3.38),

Wn (Jlk Wn1.- (-) H1
k=l10 kwn 2nl k Wn 2 k:1 1_ 1 1 [ 1 1 + 11n Wn 111 a i

.k-l 0 k=O 0

-* 0. a.s. (3.39)

Using the same method as used in the proof of Theorem 1, we can prove
1 n

max I - 0. a.s. (3.40)
lj~l n1-1

which and (3.35), (3.39) imply Theorem 2, and the proof is finished.

3.3. The proof of Theorem 3.

Without loss of generality, we can assume that mimi, i-1,2,...,k.

In the proof of Theorem 1, we have shown that, for almost all w, when

n is large enough,

Xn V n (3.41)Sn n (z,,1 Vn
k-1

Note that

VnIn () V n , j-l,2,...,k }

n
1 J *LW, j= 1,2,...,kI" " { o!Ivn0  i-l

is a set of independent and identically distributed random variables,

each of which is a normalized sum of independent random variables,

where (XX 2 ,.. 'x n ) T X . Since {a i-1,2,...) is bounded, and

c , . According to the Lindeberg-Feller theorem, we have

n Wn } d
(-) VI 1 jl,2,... k) N (0,I1 (3.42)

OIIv 1 n lj k

n



i -, 7.. . M 7 ! , IJ q .-
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We have

n (Wn 2 2

-n n n 2

n2 l IV 112 i11 j 1 1 ii it

2 n n n n n 2
2 W2 ~ w ~~ t 2 + I2

n211V II-2 ii ,.)  + i-i k=j , J - 1 "ijc)'j c

4 n n n 2 n n n

n2l I 2 -)i i Z. i.1 J. 1.1

Jl(n) + J2 (n) + J3 (n). (3.43)

It is obvious that

(n) < 4 n I -- 0. a.s. (see, Marcinkiewicz theore,)
i1 (3.44)

and

E J2(n) < 4(E w 2)
2 / 0, (3.45)

and

E J 3(n) < 4(E wl2) 2 . (3.46)

Hence

n n (y) 2v H - 0(1), n- (3.47)

HVnH
where "I lxn 1 0 (1), n - " i means that the sequence [Xn, - 1,2,...

are uniformly bounded in probability in the sense of Euclidean norm.

Since i Hj2 _ 1 1 n 2 * w 2l, a.s.

i-l J-ii

we have

n< (HHnll - (1), nn ,

which and (3.47) and Lemma 2.1 imply

n (Wy. H< Hn (Wn 2V1 + n ( 3
11 < _-)- IV II IV _ nll

1T wF V n aVn1

2 a2II Wn 11 1Wn= )
.-* I I IH -'1 0. in p. (3.48)

Z.0
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By (3.41), (3.42), (3.48), to prove Theorem 3, we only need to provw

W--- 0. in p. z = 2,3, j=l,2,...,k (3.49)

Since for each L' T (tn-) , j - 1,2,...,k, are identically

distributed, we only need to prove (3.49) for j 1.

For k - 2, we have

""n n%

1 n n 1 t n1 1 i

1 212a + W ., + [ [ ci

:1ivnil t 2 "21i Z-.2

= J (n) + J2 (n) + J3(n) (3.50)

It is obvious that

j1(n) l < w 2  0. a.s. (3.51)

and n E11)an n (E w 22

"EJ2 (n)) n21V 2- 2 (3.52)

2 n211HVJ 112Z2n
nn

E(J3(n)) 
,1 CE W12)2

3 n2 HVnH i2 -2,1
-- (E wi)

.a"1<(3.53)

From (3.52) and (3.53), we obtain

a2(n) - 0. a.s.

J (n) - 0, in p.

3

which and (3.51) imply (3.49) for k - 2.

For £ 3 we have

3  n n n.n .Wn. I

11-- F-) U)l i im "M
V.-I i n2 11v 1 tj i- i t.1 ,-1

a," a

11~c +L Ch i + Z() ' ' it wtmrm
n ~ 1 i=2...,n211vnl 3** iiI'2j I

+ 10) '11 'it Wt "m (3.54)
dm a

p,, .- ._ - _ .. . ._ -._._: . .-. _ _. , - . .. .- " __ . . ... . -". . . .- , . - --- ,. -_, '. .
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where 1(2) runs over the set (i,t,m); 2 < i < n, 1 < Z, m< n,

two of (i,Z,q are equal to each other, but the other oue is nQt equal to

them.), and 1(3) runs over the set {(i,lm), 2 < i < n, 1 < L, m < n,

any two of (i,t,m) are not equal to each other.)

It is obvious that

1 -w 3 a- O,
n21v11 11 1

_ _3MEIwlll E, 1 2

El 1 i(2) 1 i it im Om - 1 0,n2l1v nill llv ll

and

E( ni 'it P < (E / n2  0,z211Vnl 1(3) '~l m= ml )

where M is the super bound of the sequence fal.2 , . . .}, which and (3.54)

imply (3.49) for t - 3, and the proof of Theorem 3 is proved.
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